5. Derivatives Part 1

In this lecture, we will discuss
e Partial Derivatives

e Derivative of a Function of Several Variables
o Jacobian matrix of a vector-valued function (notations: DF(z), Jg, VF)
o Gradient of f(x) : U C R™ — R, or gradient of f, or V f(x)
o Differentiability of a Vector-Valued Function

o Derivative of a Vector-Valued Function

e Differential

o Review the differential of f : R — R
o Differential of f: R? = R

Review

Recall that the derivative f'(z) of a function f(x) is defined as a limit of difference quotients

o) — 1y L&D 1)

h—0 h

provided that the limit exists. The number f’ (z¢) is the slope of the tangent to the graph of f(z) at the point
(CL'(), f(.’I?()))
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Partial Derivatives

For the rigorous definitions, we discuss the following notions. In the homework problems, we won't worry
much about the subtly.

Recall the the following definition and examples of open ball. I ./.eC‘IM re ‘f’

Definition. Open Balls in R™
The open ball B(a, ) C R™ with center a = (az, .. ., ) and radius 7(r > 0) is the set of all points x in
R™ whose distance from a fixed point a is smaller than r. In symbols,

B(a,r) ={x e R™| ||[x —a| <},

where x = (21,...,&,) and ||x — a|| = \/(acl —a1) A (B — am)’

For example,

e InR2, the open ball B((1, 3), 2) contains all points in R? whose distance from (1, 3) is strictly smaller
than 2.

e InR3, the open ball B((1,0,1),1) contains all points in R? whose distance from (1, 0, 1) is strictly
smaller than 1.

6
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e InRR, the open ball B((2), 1) contains all points in R whose distance from 2 is strictly smaller than 1.

Note it is simply the open interval (1, 3).

Definition. Open Sets in R
A subset U C R™is called open if for every pointa € U there exists a real number € > 0 such that B(a, €) is
contained in U.

For example, open intervals, e.g. (0, 1) etc. are examples of open sets in R.
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In the following discussion, we assume U is an open set unless otherwise stated.

Definition. Partial Derivative for f : R? — R

Let f(x,y) be a real-valued function with domain U in R2, and let (a, b) be a point in U. Then, the partial

0
derivative of f at (a, b) with respect to x, denoted by a—f(a, b), is defined as
x

8f R T f(a+hab)_f(a7b)
o (@) = lim h

. . : of o
and the partial derivative of f at (a, b) with respect to y, denoted by 8—((1, b), is defined as
Y

of .. fla,b+h)— f(a,b)
By (@0 = jim h ’

In other Woro[s, %ﬁ n [:Q oHon‘ned (Dj a’ajarolinj 0SS a

Example 1. oons*f&n’t 5 W\ol D(rr},g)nj s‘}bmo‘ard rules -{07’ oltﬁerem‘;‘ﬁfmg f#ndﬁn«s
sin(myz) O{ X

Find the first partial derivatives of the function f(z,y) = —; 1
x

ANS : Treo\i\‘vxj g DS o constomt ond  Hpka J olerivetive 0-{
jcu,t,]) with vesrzd' 4o X, Wwe ha.t/Q.

Cg(xj): ki (’()zj) = Yeos A7) (RF ) — ()")9“"‘(‘{)
X DX (7(1—" I)l

M]' _ f'(@)g(=) — f(x)g'(x) Chain Rule: [f(g(z))]" = f'(g(z))d (z)

Quotient Rule: [ () P

onol ’tmorb\‘vxj X DS Q& constent ond -éak.‘vzj O/C}’l'VmL"l/e,

Ut rim, ) with  yespedt o . we have
AJ i G(Xﬁz)

j”j Cx,g) = %(Kﬂ) = ﬁ CcoS (ﬂj)

2 XM .
- X7 | cos(ﬁtf)
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Note the definition of partial derivatives can be generalized to f.

Definition. Partial Derivative
Let f : U C R™ — R be a real-valued function of m variables 1, . . . , Zm, defined on an open set U in R™.
The partial derivative of f with respect to z; (or with respect to the 4 th variable, ¢ = 1,...,m) is a real-valued
function f/0x; of m variables, defined by

of (z 2) — lim f(z1,...;zi+h,...;zn) — f(@1,. s Ty ooy )

O0x; b h—0 h ’
provided that the limit exists.

Example 2. (Related to WebWork HW#2)
(1) Compute the partial derivatives f,, f. for f(z,y,z) = In (z + y + 2?)

(2) Compute f,(1,0,).
ANSM()%J the  choin yule,

JLX % 4,2) = 3t (“J,g): 1 oo

X >(+/(‘j t2* - 7(-(—:1—{-21
o1 ; 22
, = M2 )2 —L -
}LZ a 3)2) oz MYP)= 5 Tt =7 =

0) J[ (1,0m) = —2T__ _ of
2 [totm ~ (+r>
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Derivative of a Function of Several Variables

We start by defining the Jacobian matrix of a vector-valued function F : U C R™ — R".

Note our current WebWork exercises are mostly concerned with special case n = 1, that is, F is a real-valued
function.

We will return to this general definition of the Jacobian matrix later in this course.

e Let F be avector-valued function F : U C R™ — R".
e Recall that F can be written in terms of its components as
F(z1,....,2m) = (F1 (21, yZm), Fa (1, -y @m)y -+ oy Fn (X1, -, Zm)),

e orasF(x) = (Fi(x), Fa(x),...,Fh(x)), wherex = (21,...,Zy).

¢ |n other words, we can describe a vector-valued function F using n real-valued functions of m variables.

Roughly speaking, Jacobian matrix of a vector-valued function of several variables is the matrix of all its first-
order partialderivatives.

N2

Definition. Jacobian Matrix DF'(x)

By DF(x) we denote the n X m matrix of partial derivatives of the components of F evaluated at x (provided
that all partial derivatives exist at x ). Thus,

[ OF; OF OF; i
a—ml(x) a—@(x) T Bz (%)
OF, OF, OF,
pE) |3 ™ o ™) 5o (%) "
OF, . OF, x) OF, (x)
_8331 6932 aiﬂm A

The matrix DF'(x) has n rows and m columns (the number of rows is the number of component functions of
F, and the number of columns equals the number of variables).

Remark about the notation for the Jacobian matrix. We will follow the notation from the book as DF(x).
8 (F,...,Fy)

8(:131,...,:13”)

Sometimes, it is also written as Jg, VF, and

in other places.
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Example 3 Let F : R* — R* be given by F(z,y, z) = (e*7¥*, 2% 4 1,sin(y + z), 4y). Compute DF(x).
ANS . We  hove

x+’\'j?

P(m:}ﬂ)z eV R R /ta,cx,:/,g): %\(ﬂm) Fqbcj,Z):w

-HAMS }ij C@Z(?V\;—HOV\,

[AF. aF, IF )
- ax d A=
| X *4
DF (X’j'g)_ JF, dF. JF,
ax 6*4 d=
IF; IF, IFs
ax 8*4 A=
SF  dfy SF4
TOx Yy 32 | 403
Ve Q/X‘szi Z ejﬁ‘ﬁ ,{4 e/‘(‘{' 9?
- 2% O 0
O 405‘”“3) CoS(:}n)

L0 “ 0
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Special Cases of DF(x)
e n=m-=1

o If f(z): R — R, then Df(z)isal x 1 matrix whose entry is the derivative of the only component
f to the only variable .

o Thus Df(z) is the usual derivative f'(z).

e n=1

o Assume that f(x) : U C R™ — Riis a real-valued function of m variables. Then D f(x) is the
1 X m matrix

of of of
Df(x) = |3 =(x) = —-(x)- (%)
6%1 8$2 amm
whose only row consists of partial derivatives of f with respect to all variables 1, ..., Ty, evaluated

atx = (T1,...,Tm).

o Df(x) is called the gradient of f at x, and is denoted by V f(x).

Example 4 (Related to WebWork HW#5)
Compute Vf(2,1, 1) if f(z,y, z) = zyln (2 + zy).

AI\JSﬁ We hnow

Vi) (S5 oy, ‘3% A2, e 42 )

jXDMJfZ): gi; (mAj,a *Jln (2+x2j) t <Y 2?‘3

(137000/\(1‘ mle omd choin YAA(.Q,)

{Aamﬂz)_ j ) = xln(zwg) t f‘j -2+v<14
_ of
Jaoe4,2)= gz(x\j%) e Z*Ky
Vj(ﬁz‘J/Z): (]fx) ](AJ) '\(i)
v D, fy ), £ )

- 2 _ 4
_[{n3+3/ 23+ égtj €>


Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Definition. Differentiability of a Vector-Valued Function

A vector-valued function F = (Fy,..., F,) : U C R™ — R", defined on an open set U C R™, is
differentiable ata € U if

(a) all partial derivatives of the components F1, ..., F}, of F exist at a, and

(b) the Jacobian matrix of partial derivatives DF(a) of F' at a satisfies

. IF(x) - Fa) - DF@)(x—a)| _

= Ix — al

0

(2)

Definition Derivative of a Vector-Valued Function

If a vector-valued function F' satisfies the conditions (a) and (b) of the above definition, then the Jacobian matrix

DF (a) of partial derivatives given by Eq(1) is called the derivative of F at a.

Differential

Let f : R — R. Recall in calculus, we have the differential of f by
df(z) = f'(x)dz

This notion can be generalized to f : R? — R.

Definition. Differential of a function f : R> — R at a point

Choose a point (a, b) in the domain of a differentiable function f : R? — R. The differential of the function
f(z,y) at (a, b) is defined as

df = fz(a,b)dz + f,(a,b)dy.

Example 5 (Related to WebWork HW#6)

Find the gradient V f of the function f given the differential. Re ol |
(3

__ Y —* _
df—x2+y2da:—i—x2+y2dy vj - (j*)jfz)

ANSi BJ the ofe«(mHiow\ o—f cl‘rﬁawm.‘a] 0«(» vf ot (,K,AJ)’ wo AMW

of - CI\{(‘(,Z'})GIX + ng,y)oly
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(%) (omfomwj wAih  he 3:‘/@14 o‘:f, Wwe Ltm/e
A
j[’( (*.2) - D(Efj)
j’ﬂ (XU) - ;Z(TAJ—

huts v = (iﬁ (%,j)) M(x,«j\)
© (A, )

Exercise 6 (Related to WebWork HW#9)

Suppose f(z,t) = z' + tlnz.

(1) At any point (z, t), compute the differential df.
(2) At the point (1, 2), compute differential df.

(3) At the point (1, 2) with dz = 0.5 and dt = —0.3, compute df.
ANS: (1) Reaoll  oif = Cf‘“'t) dx+ f,cobrdt.

keerfv\j t ]‘ixeol 0s O wndo-vxf) we have
Jxoﬂ,t): % (xt) = —(;)(t“' _+~j§

J(eef;fnj X st(ed IS o Coﬂs+&w‘ﬁ) e hocua

JC_GM,JG): §i *t)= XPhx + lhx (Rewll (003)2 af/m)
TLMA‘& df = Hj)(% '+ t )Ol)( + ()(i/vw(‘{‘ In x) CH;
() At the Fomt (L), (x=|,1=2)

oy = 4dx Note Inx=o ot w={ dhus the
Coefiicient for Ot ix O .
(3) Aﬂt e ()oiv\‘t (1L2) wHh dx=o05, OH:~0.3

VRY
o= 4" =

we ha Ve
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Exercise 7

Find the gradient of the function f(z,y, z) = ze¥” | at the point (1,1, 2).

ANs: We hove

Vj(x,j,-zr- (jx(m:];?)) j,(,}mj;?), j;cx,y,z))

2 2 .Zl
- (eﬂz; xz'et , axzd )

T, 4ef, 40t

Ths vj(m,z) (e

()

ety 1 4@*5 + 40’k
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